The flow of viscoelastic liquids with constant shear viscosity through symmetric sudden expansions is studied by numerical means. The geometry considered is planar and the constitutive model follows the modified FENE-CR equation, valid for relative dilute solutions of polymeric fluids. For Newtonian liquids in a 1:3 expansion we predict the result that the flow becomes asymmetric for a Reynolds number (based on upstream mean velocity and channel height) of about 54, in agreement with previously published results. For the non-Newtonian case the transition depends on both the concentration and the extensibility parameters of the model, and the trend is for the pitch-fork bifurcation to occur at higher Reynolds numbers. Detailed simulations are carried out for increasing Reynolds number, at fixed concentration and Weissenberg number, and for increasing concentration at a fixed Reynolds number of 60. The results given comprise size and strength of the recirculation zones, bifurcation diagrams, and streamline plots.
Introduction
The flow of viscoelastic liquids through expansion geometries is relevant to a number of practical engineering applications, including extrusion processes, mold filling, processing of food stuffs, creams and pharmaceutical matters, and in many other manufacturing processes. In general, these processes involve the flow of viscoelastic materials through ducts and channels with variable cross-sections and, either in order to achieve specific shapes or for other circumstances, those cross-sections are endowed to change abruptly to larger or smaller areas. The problem of flow through contractions has been much studied, with both Newtonian and non-Newtonian fluids [1] [2] [3] , but non-Newtonian flow through abrupt expansions has received much less attention. This is particularly true for expansions of the planar type, which are of interest here as they may provoke an asymmetric flow pattern even when the expansion is itself symmetric. It is for this configuration, under laminar flow regime with viscoelastic fluids, that existing published studies are scarce.
A notable exception is the work of Townsend and Walters [4] who have conducted an experimental investigation, based on flow visualization, of the flow of a 0.15% aqueous solution of polyacrylamide through planar type of expansions, and of a fiber suspension through axisymmetric expansions. Some numerical simulations were also carried out with the PTT model (for the polyacrylamide solution) and the streamlines compared with the visualization results. The main conclusion was that viscoelasticity does indeed lead to a reduction of vortex intensity. For the case which could be considered as two-dimensional, with an expansion ratio of 3:40 (E ≡ D/d = 13.3), the Reynolds number covered were too low (Re ≤ 7) for the observation of any steady asymmetric flow pattern. Later, Baloch et al. [5, 6] simulated some of the experimental cases in [4] by using again the linear form of the Phan-Thien/Tanner model; these simulations were restricted to high expansion ratios and low Reynolds numbers (Re ≤ 4). No attempt was made to capture flow asymmetries.
Representative purely numerical studies of viscoelastic flow through planar expansions (E = 4) are those of Darwish et al. [7] and Missirlis et al. [8] ; both employ the upper convected Maxwell model (UCM) under creeping flow conditions (Re = 0.2) and since flow asymmetries were not expected, only half of the full domain was actually used in these numerical studies (the symmetry assumption is then quite adequate). While the meshes used in [7] were too coarse for quantitative results, the medium meshes of [8] clearly show a reduction in the size of the corner vortex, from x r /D = 0.15 at Weissenberg number of We = 0 (Newtonian case) to approximately 0 at We = 1.5, thus corroborating the experimental findings of Townsend and Walters regarding elimination of recirculation regions by viscoelasticity effects.
Very recently, an experimental work by Poole and Escudier [9] has been published, dealing with turbulent motion of aqueous polymer solutions (0.01-0.175% polyacrylamide) in planar expansion with expansion ratio of 1.43. Due to turbulence a number of interesting phenomena arises, which is too vast to be discussed here, but for the rather small expansion ratio considered the flow is more like a backward-facing step flow and asymmetries are not expected, or actually noticed, as commented by the authors. A feature worth noting is that the vortices are seen to increase in size with elasticity (although their intensity still diminishes), contrary to the trend reported by all authors in laminar flows; this must be associated with turbulence effects.
So, we see that much of the works found in the literature are related to very low Reynolds number flows when bifurcation effects are not present. However, for Reynolds numbers of around 50-100, with Re based on the upstream channel height and the average velocity, the flow of Newtonian fluids is known to give rise to an asymmetric pattern, with a larger and a smaller recirculation zone behind the step change. Such phenomenon occurs in planar expansions (it does not occur in axisymmetric expansions) and may be explained by a Coanda effect by which any perturbation of the flow field, pushing the main flow to one of the sides of the expansion, gives rise to larger velocities and lower pressures there, and hence the asymmetry will naturally tend to be accentuated.
Studies of this phenomenon with non-Newtonian fluids could not be found in the specialized literature, except the case of Mishra and Jayaraman [10] who investigated numerically and experimentally the flow of an inelastic power-law fluid in a large expansion ratio duct. Otherwise, all works referred to in the previous paragraphs (except [9] ) dealt with symmetrical expanding flows at relatively low Reynolds numbers (below ≈10). The purpose of the present study was to ascertain what possible effects could the elastic nature of the fluid have on the enhancement, or otherwise, of steady flow bifurcations. We took a sudden expanding channel, with an expansion ratio of E ≡ D/d = 3, where D is the height of the downstream larger channel and d is the height of the upstream smaller channel. Flows with this particular value of expansion ratio have been subject to a great deal of theoretical, experimental and numerical works with Newtonian fluids [11] [12] [13] , which are useful for validation. We have then carried out a great number of numerical simulations, with a finite volume method, for a FENE type of constitutive model, and the results of these simulations are here discussed. In Section 2, we present the governing equations, which are solved with the numerical methodology briefly outlined in Section 3. The results are then given in Section 4, which is subdivided into three headings dealing, in succession, with numerical accuracy, validation results for Newtonian fluids, and results for viscoelastic fluid flow. Some conclusions are listed in Section 5.
Flow and constitutive equations
The problem here considered is the two-dimensional isothermal flow of an incompressible liquid, as it expands from a straight channel of height d to a larger channel of height D (see Fig. 1 ). This flow is governed by the usual equations of continuity and motion, which can be written in vector form as:
where u is the velocity vector, ρ and p are the fluid density (assumed constant) and pressure, respectively, D/Dt ≡ ∂/∂t + u · ∇ is the substantial derivative, and τ tot the total extra stress tensor. For a homogeneous solution of a Newtonian solvent and a polymeric solute, the extra stress is decomposed as τ tot = τ s + τ , with a Newtonian solvent component τ s = η s (∇u + ∇u T ) ≡ 2η s D, where the solvent viscosity η s is constant, and a polymeric component τ . To account for elasticity effects, and since we wish to separate such effects from shear-thinning ones, we took a form of constitutive equation for finite extensibility non-linear dumbbells, valid for dilute solutions of polymeric materials, following a proposal by Chilcott and Rallison [14] :
with the function g(τ) expressed by:
In these equations, tr is the trace operator, λ is a constant relaxation time, η p is the polymer viscosity (also taken as constant) and L 2 the extensibility parameter that measures the size of the polymer molecule in relation to its equilibrium size. Generally we have L 2 1 and a typical value may be taken as L 2 ≈ 100 [15] . It should be appreciated that this model constitutes an empirical extension of the original FENE-P model of Bird et al. [16] (further improved in Bird et al.'s book [17] ) with the purpose of having a constant shear viscosity for a simple shear flow, as discussed in the review of Bird and Wiest [18] . The resulting material functions in steady flows, except for the viscosity, are however not much different in character from those for the FENE-P; the additional simplification embodied in Eq. (3), compared with the exact FENE-CR equation of Chilcott and Rallison, is that Dg/Dt is assumed to be negligible. Consequently, the constitutive model defined by Eq. (3) and used in the present simulations, is conveniently named a modified Chilcott-Rallison model, FENE-MCR. It has been used by Coates et al. [19] in a numerical study of axisymmetric contraction flows, and also in our previous study of vortex shedding phenomena with viscoelastic fluids [20] . If for time-dependent flows there subsists a difference between the rheological behaviour of the models FENE-CR and FENE-MCR, for steady flows, under both pure shear and pure elongational situations, the material functions of these models are identical. Under simple shear flow (shear rateγ), the normal stresses are:
2λ/η p and τ yy = 0,
which enable calculation of the first normal stress coefficient,
while the shear viscosity is constant and is given by:
A convenient measure of polymer concentration is the solvent viscosity ratio defined as β ≡ η s /η 0 . Under uniaxial extensional flow the elongational viscosity η E ≡ (τ zz − τ rr )/˙ (˙ is the elongation rate) is determined from:
where the unknown g in Eq. (8) has the same meaning of function g in Eq. (4) and is obtained here from solution of the following cubic equation: The various rheometrical functions of interest here are represented in Fig. 2 and their behaviour will be useful in the discussion of the results given in Section 4.
For convenience, a summary of the main governing equations requiring solution by means of the numerical methodology to be described in the next section is given below, under non-dimensional form:
where the index T denotes the transpose operator. The continuity equation remains as in Eq. (1) while the g function (Eq. (4)) is now written as:
Although not explicitly denoted, all variables in the flow (Eq. (10)) and the constitutive (Eq. (11)) equations above are non-dimensionalized with a velocity scale U (average velocity in small channel), a length scale d (height of small channel), a time scale d/U, a pressure scale ρU 2 , and an elastic stress scale η p U/d. The relevant dimensionless groups to be varied in a parametric way are the extensibility parameter of the FENE-CR model, L 2 , the solvent viscosity ratio,
the Reynolds number,
and the Weissenberg number:
In order to avoid any unnecessary confusion, in the next sections, all the variables are written in dimensional form and their non-dimensional form will be explicitly indicated.
Numerical methodology
We follow the finite volume method explained in detail in [21] and only a few general comments are in order here. A key feature of the method of [21] is that it uses a collocated mesh, meaning that all dependent variables are evaluated and stored at the center of the control volumes (cells) composing the computational mesh. As a consequence, special procedures are required to ensure pressure/velocity coupling (following the Rhie and Chow [22] method) and velocity/stress coupling (following the Oliveira et al. [21] method). Here, we shall not dwell in these techniques, as they are sufficiently documented in the specialized literature [3, 20, 21, 23] . A brief description of the solution algorithm follows.
The stress equations (11) are discretized, by integration over the control volumes (volume V), and are linearized and written under the form:
with coefficients a τ F based on convective fluxes calculated with the upwind scheme, and source term S τ containing contributions from velocity-gradient terms in the Oldroyd derivative of τ ( ∇ τ in Eq. (3)), inertial term and deferred-correction terms from representation of the convective fluxes with the high-order scheme CUBISTA [24] . This is a formally third-order convection scheme in smooth flows (possessing mild gradients) which was shown in [24] to have improved iterative convergence properties when employed in conjunction with implicit solvers, as it is the case here. Furthermore, there is ample evidence that viscoelastic flow calculations require accurate discretization of the convection fluxes in the constitutive equations, even for low Reynolds number flows (the Weissenberg number might be high), and the plain upwind scheme is too inaccurate.
In step 1 of the algorithm, the above sets of linear equations, for each stress component τ ij Eq. (16), are solved sequentially by a bi-conjugate gradient method. Solution for a steady state is achieved by a pseudo time-marching technique whereby the time step δt acts as an inertial under-relaxation term. Once updated stress fields are obtained from solution of Eq. (16), the discretized momentum conservation equations can be solved implicitly for the intermediate velocity u * (step 2 of the algorithm):
The coefficients now contain diffusive and convective fluxes; the former are evaluated with the second-order central differencing scheme, and the latter with the formally third-order CUBISTA scheme, as noted above, which is implemented through the deferred correction technique. There are two important source terms here, to be included into S u : the stress divergence term S u (τ ), and the pressure gradient term S u (∇p); the origin of these terms is immediate from Eq. (10) . While the stress divergence term is evaluated based on stresses obtained from step 1 of the algorithm, but taking into account the stress/velocity problem described in [21] , the pressure gradient term follows a standard pressure-correction technique used in classical Newtonian CFD. The SIMPLEC algorithm for time marching calculation is here followed [25, 26] . The source term S u (∇p) is evaluated with pressure values from the previous time step (S u (∇p * )) and velocity and pressure corrections are then imposed (step 3 of the algorithm):
where the asterisk denotes existing (in storage) values and δt is the time step. This entails solution of a Poisson-like equation for the pressure correction p , having the form:
with coefficients given by a
is a cell-face surface area and the overbar denotes linear interpolation). Note that the source term in the pressure correction Eq. (20) is a mass source (the divergence of the intermediate velocity field), based on the velocity resulting from the momentum equations, which should tend to zero when the velocity field will simultaneously satisfy the momentum and continuity equations.
With the new values of τ , u and p, from Eqs. (16), (18) and (19), the whole procedure can then be restarted at a new time level, and repeated until the residuals of the governing equations fall below a prescribed tolerance (TOL). Here, we used TOL = 10 −4 , based on normalized values (normalization factors: mass-inlet mass flow rate; momentum-inlet mass flow times characteristic inlet velocity U; stress-viscosity times characteristic velocity U divided by inlet channel height d).
In broad terms, the algorithm just described corresponds to a simplified form of that given in [20] and is adequate for the simulation of steady-state flows. While it is expected that the bifurcation phenomenon here considered is of steady-state nature, any unsteady manifestation would be felt by an impossibility to converge, to the prescribed tolerance, the whole set of equations involved. Such occurrence was not manifested during the current simulations.
Results
All results given in this section pertain to an expansion ratio of E = 3 and the flow geometry is depicted in Fig. 1 where some of the notation is defined. The reason for choosing E = 3 lies on the many numerical and theoretical results existing for that particular expansion ratio [10] [11] [12] [13] , for Newtonian fluids, against which we can compare our results (Section 4.2).
The inlet to the flow domain is located some distance (L 1 ) upstream of the expansion plane (this is taken as the coordinate origin, x = 0), while the outlet is at an even longer distance (L 2 ) from that plane. Guided upon the study of Hawa and Rusak [13] who recommended L 1 ≥ 2 and L 2 ≥ 40 for 10 ≤ Re ≤ 100, and also on simulations of tubular Newtonian laminar flow by Oliveira and Pinho [27] who observed that the upstream effect of expansion was not felt at a distance longer than about 1 diameter (for Re 10), we chose L 1 = 2 and L 2 = 50 (all distances are normalized with d). The Reynolds number is here defined with the average incoming velocity, see Eq. (14), but it is noted that many authors prefer to use the maximum inlet velocity, Re 0 ≡ ρU 0 d/η 0 . Since at the inlet we have imposed a fully developed profile, which is parabolic for the axial velocity component, those two Reynolds numbers are related by Re 0 = 1.5Re. For the FENE-MCR (or the FENE-CR) the fully developed velocity and shear stress distributions in channel flow are identical to those for a Newtonian fluid, given by:
and
while the axial polymer normal stress is given by:
with the local shear rate obtained froṁ
and where the function g is calculated from the following expression:
Since FENE-type models do not predict a non-vanishing second normal stress coefficient, the lateral normal stress in fully developed flow is zero:
Notice that if the dumbbells are allowed to stretch infinitely, L 2 → ∞, then Eq. (25) gives g → 1, and the normal stress distribution from (23) becomes equal to the solution for the Oldroyd-B fluid in a channel.
At outlet, the imposed boundary conditions were of vanishing axial variation for all quantities, ∂/∂x ≡ 0, except pressure which was linearly extrapolated from the inside. These conditions are adequate and do not affect the main flow characteristics near the expansion, provided L 2 is sufficiently long.
This section is arranged as follows. First, we give some details about the computational meshes here utilized and, based on results on these meshes, we quantify the numerical accuracy. Then, we give the results for the Newtonian case with the main purpose of validating the calculations. Obviously, this could not be done with viscoelastic fluids because, as discussed in the Introduction, we could not find any adequate data set from the literature. Finally, we consider the viscoelastic case, for which we study the effects of elasticity, extensibility, polymer concentration and inertia.
Meshes and quantification of accuracy
Three computational meshes have been employed in this study and their main characteristics are given in Table 1 , which includes the total number of control volumes (NC) and of degrees-of-freedom (DOF), the minimum cell size (δx min , equal to δy min ; values are normalized with d) and the expansion factor for the cell size along the x-direction. Most calculations to be presented used the medium mesh (Mesh-2), and the fine (Mesh-3) and coarse (Mesh-1) meshes were obtained by doubling or halving, respectively, the number of cells along the x-and y-directions, so as to enable quantification of numerical accuracy through application of Richardson's extrapolation technique. Mesh spacing is uniform in the lateral y-direction and non-uniform along the streamwise x-direction, with higher concentration of cells around the expansion plane (x = 0), as shown by Fig. 3 (medium Mesh-2). From that plane the cell spacing expands at a constant geometric rate of 3.7% for Mesh-2 (so δx i+1 = f x δx i , where i denotes a given x-position).
Compared with other works, the present level of mesh refinement is similar to that used by Hawa and Rusak [13] (their base mesh had δx = 0.05) who solved the Newtonian problem with a vorticity/stream function formulation using a finite-difference method; in relation to works dealing with viscoelastic flow simulations in planar expansions at very low Re, Mesh-2 is much finer than those previously used [5, 7, 8] . Numerical accuracy was assessed for both Newtonian and viscoelastic fluids with a Reynolds number of 60, in the middle of the range here considered (Re = 0.01-100) but for which the flow is already asymmetric for both fluid types. We used the streamwise sizes of the vortices formed behind either step side of the expansion, and their intensity expressed in terms of recirculating flow rate scaled with inlet flow rate, as solution functionals from which numerical accuracy is quantified. These results obtained on the three meshes are given in Table 2 , for the Newtonian and the viscoelastic flow cases (Re = 60, L 2 = 100, β = 0.9 and We = 2). The basic idea of Richardson's extrapolation is to assume that any point-value of the solution, or any solution functional, φ, converges with mesh refinement as φ = φ h + C h p , where h is the mesh size (our δx), C is a constant, p is the order of the scheme, and φ h the value of φ obtained on mesh h. If we denote the cell size on Mesh-3 as h and since we have performed mesh halving, then the cell size on Mesh-2 is 2h and the corresponding discretization errors will be h = φ/(2 p − 1) on Mesh-3 and
. By assuming second-order accuracy (p = 2), based on previous works with the same code [20, 23, 28] , the extrapolated values (to a zero mesh size) are calculated from φ = (4φ h − φ 2h )/3 and are given in Table 2 for the vortices sizes (X r ) and intensities Table 2 Effect of mesh refinement: (a) Newtonian; (b) viscoelastic (ψ r ) (denoted "Richardson's extrapolation" in the table). The discretization errors on Mesh-2 (our base mesh for the remaining results) are also given in the table.
It is seen that the discretization errors for the recirculation size lie below 0.5% for both the Newtonian and viscoelastic cases, while errors in recirculation intensity rise to about 1% for the Newtonian fluid and 2% for the FENE-MCR fluid. The fact that errors in ψ r are higher than errors in X r was expected because evaluation of ψ r requires integration of the resulting velocity field and that tends to lower the accuracy (see discussion in [28] where further references on this issue are given). In conclusion, our results are accurate to within ≈1%, with even better accuracy in results that are directly evaluated from the numerical solution ( 0.5%) and some deterioration of accuracy for integrated results (up to 2% for viscoelastic fluids).
Results for the Newtonian case (validation)
In Fig. 4 , we compare the predicted bifurcation results (vortex size asymmetry DX ≡ (X r2 −X r1 ) versus Re) with those of Fearn et al. [11] , who actually measured the recirculation lengths for increasing Reynolds numbers and who have also carried out simulations with numerical bifurcation techniques and a finite element method. Other authors [10] have considered the 1:3 expansion as well, and have demonstrated close matching with the data of Fearn et al. It is seen from Fig. 4 that, for the Newtonian case, there is very good agreement amongst the results of these various sources. Such level of agreement is remarkable as it would appear that the exact "location" of the bifurcation, in terms of Reynolds number, would be rather sensitive to a number of variables, as mesh resolution, numerical precision, initial conditions, triggering mechanism, etc. In most earlier calculations of these phenomena, the asymmetric flow was usually triggered by introducing a slight geometrical asymmetry in the symmetric configuration, or by adding a small perturbation to the velocity profile imposed at inlet, or to the whole initial velocity field [10, 11, 13, 29, 30] . In fact, we found that such artificial triggering devices are not required and in our case the numerical solution naturally evolved to an asymmetric flow when the Reynolds number was above the critical value, Re c . All the computations of Fig. 4 have been started from an initial uniform velocity [11] (numerical results of Mishra and Jayaraman [10] closely follow that data).
field (with the average velocities for each channel segment, that is U ≡ U 1 = Q/d and U 2 = Q/D, for the upstream and downstream channels, respectively, where Q is the volumetric flow rate per unit width). This was done on purpose to see how the time marching (iterative convergence) behaviour would be affected by the onset of asymmetric flow conditions. Obviously, the computing times per run are thus much higher than strictly required had the usual continuation technique been used, by restarting a run from an initial field corresponding to the case of the Reynolds number immediately below.
Our data are given in Table 3 . For Re in the range where we knew that bifurcation would occur (guided from the literature) we varied Re by a single unit; outside that range, Re was varied by steps of 5 units. We found a critical Reynolds number of Re c = 54; this is, again, in remarkable agreement with other sources where different numerical methods were utilized: Fearn et al. [11] found Re c = 53.9 with a finite element method; Drikakis [12] found Re c = 53.3 (Re 0 = 80), with fourth-order finite-difference methods; Hawa and Rusak [13] found Re = 53.8, with linear stability analysis and a vorticity/stream function finite-difference formulation; Mishra and Jayaraman [10] found Re c = 54, with a continuation-perturbation approach and a finite element code. Note that we have not tried to be precise on the location of Re c : it lies somewhere between Re = 53 and 54. For Re = 54, the asymmetric state has been clearly achieved; for Re = 53, although a slight asymmetry is already present, it is so small that cannot be seen in the bifurcation graph of Fig. 4 . The numerical behaviour of the time marching algorithm around the bifurcation point is illustrated by Fig. 5 which shows the residuals of the v-momentum equation as the simulation time proceeds. These residuals ( 1 -norm of the discretized equations, conveniently normalized) should essentially tend to zero as a steady-state solution is approached; the prescribed stopping criterion was for a relative tolerance of 10 −4 . This value was checked from the computations to be adequate; we monitored not only the residuals of the various equations (u, v, continuity, τ xx , τ yy , τ xy ) and values of the fields at a given sensitive point (near one of the reentrant comers), but also the sizes and intensities of the two main recirculation zones. When all residuals were below 10 −4 , none of those variables were seen to vary significantly. For some runs, for example, for Re = 30 (viscoelastic case, given later) and in order to check whether the slight asymmetry seen in X r and ψ r would not eventually disappear, we pursued the simulations up to a tolerance of 10 −6 ; the results remained practically identical to those for the lower tolerance of 10 −4 . What is interesting from Fig. 5 is that the residuals decay is qualitatively similar to the results of Hawa and Rusak [13] (their Figs. 14 and 18) where the growth rate of disturbances was tracked; as the critical Re is approached, the convergence to the steady solution becomes more and more difficult to achieve, taking a lot more number of time steps, although it is always monotonic (the residuals decay clearly); for Re above the critical value the number of time steps for convergence actually decreases as Re gets away from Re c , but the convergence is not monotonic. There is an evident reduction of the residuals during the initial stage of the simulation, while the flow remains symmetric, the residuals then increase for a certain duration of simulation time, reflecting the onset of the asymmetric flow situation, and finally there is again an evident reduction of residuals which may take more or less time, typical of iterative finite volume methods as the long-wave numerical errors are reduced and swept out of the domain. We find interesting that this pattern of residuals behaviour (which is just an empirical observation) closely resembles (certainly qualitatively) the results of the stability analysis of [13] for this problem.
A detailed field comparison is now considered. Fearn et al. [11] made some velocity measurements for this flow geometry at the 1:3 expansion ratio. We chose their case Re = 80, which corresponds to an asymmetric flow situation, and present in Fig. 6 is a comparison between our predictions (the solid lines) and their measurements (the round symbols), at four axial stations situated at x/d = 1.25, 5, 10 and 20. There is clearly a very satisfactory agreement amongst these local velocity data.
As a further check for the same expansion ratio E = 3, we compare our predictions against those of Da Zilwa et al. [30] for the case Re = 187 (Re 0 = 280), when a second bifurcation occurs and a new recirculation zone appears by the wall adjacent to the smaller comer vortex. The situation is then as depicted in Fig. 7 . Da Zilwa et al. quote the following values for the sizes of the various vortices: X r1 = 5.0, X r2 = 15.2, X r3 = 12.6 and X r4 = 26. Our simulations are illustrated by the streamline plot of Fig. 7 and gave the results: X r1 = 4.5, X r2 = 15.1, X r3 = 12.4 and X r4 = 25.3. Thus, a relative good agreement is again observed, even if due account is taken of the inaccuracies inherent to the numerical predictions.
All these results and comparison with existing experimental or numerical data from the literature, for Newtonian fluids, give sufficient confidence on our predictive code allowing us to proceed to the non-Newtonian viscoelastic simulations, for which no adequate data for comparison/validation are available. It is emphasized that the same code was used for both Newtonian and non-Newtonian simulations. In the former, we set the relaxation time to zero, the solvent viscosity to zero, and the polymer viscosity to the required value for a given Reynolds number. In this way, even for a Newtonian simulation, a stress equation separated from the momentum equations was being solved.
Results for the viscoelastic case
For non-Newtonian viscoelastic flows, even for the simple constitutive model here considered, the number of independent parameters that can be varied goes from a single one in the Newtonian case (Re), up to four with the FENE-MCR (Re, We, L 2 and β), and so a detailed study of all possibilities goes well beyond the present attempt. We have therefore decided to fix all parameters except one at some typical values, which are often used in relation to FENE type of models, and vary separately the remaining parameter. Such separated effects are discussed under different headlines in this section. 
Effect of elasticity, We
As base values we took the extensibility parameter as L 2 = 100, and the concentration parameter close to c ≈ 0.1, giving β = 0.9. We recall that L is the ratio of the linear size of a dumbbell, the basic unit in FENE models, to its size at equilibrium. So the larger is L 2 , the more can the molecule be extended. For the particular case of the well-known Oldroyd-B model, an infinite extension is allowed (L 2 → ∞), but that gives rise to singularity situations in simple extensional flows. With FENE models, L 2 (or the related b parameter [16] ) are typical around 100 [15, 16, 19] , and can be even lower, of order O(10) [31] .
The concentration parameter is defined as c ≡ η p /η s and for dilute solutions a typical value is c ≈ 0.1 [15] . Alternatively, a solvent viscosity ratio can be defined β ≡ η s /η with η = η p + η s being the solution (solvent plus solute) viscosity, having a zero shear rate value of η 0 . For the FENE-CR-type model utilized here, η is constant (does not depend on shear rate, η ≡ η 0 ) and β (Eq. (13)) is related to c by β = 1/(1+c); hence c ≈ 0.1 gives β ≈ 0.9, our base value.
For a concentration of around 0.1, the velocity field is not expected to be much affected by elasticity (dilute flow regime, [15] ). This is borne out in Fig. 8 where the size of the recirculation eddies is represented as a function of the Weissenberg number, at a Reynolds number of Re = 60. In the previous section, it was shown that for this Reynolds number the stable asymmetric states are already well established in Newtonian flow, but yet that value is not too far away from the critical Reynolds number of Re c = 54. Therefore, this level of Re is convenient to ascertain whether elasticity (measured by We), at constant concentration (β = 0.9) and extensibility (L 2 = 100), may affect the flow to such extent that, for example, the asymmetry might be removed. The results in Fig. 8 , given quantitatively in Table 4 , show that as We is increased from We = 0, the larger of the two corner vortices tends to be reduced in size, while the shorter vortex tends to be elongated. Thus, both effects act to diminish the asymmetry of the flow, but the asymmetry remains for the whole range of We here tested (We = 0-100). It is also apparent that, for such low level of concentration (c ≈ 0.1), the main influence of We is restricted to Weissenberg numbers in the range ≈1-5, and for higher We there is almost no further effect. Such behaviour is consistent with the rheometric data for the FENE-MCR given in Fig. 2 . The initial (We = 1) rapid variation of X r correlates with the sharp increase in elongational viscosity at λ˙ ∼ 1 in Fig. 2 . For We >≈ 20-40 the vortex sizes remain approximately unchanged, in line with the fully established shear stress ratio seen in Fig. 2 for λγ 40. 
Effect of extensibility, L

2
Compared with the Oldroyd-B model, or the related upper convected Maxwell model (the UCM), the FENE-CR offers the possibility of varying the dumbbells extensibility. This may not only be advantageous to better fit rheological data of a given liquid, but it is also welcome in numerical terms; generally, FENE models are not as problematic numerically as the models cited above.
Here, we decided to increase L 2 from the base value of 100 up to 500 (fixed Re = 60, β = 0.9 as before, and We = 1); the main results are summarized in Table 5 . Basically, it is observed that the larger Table 5 Predicted vortex data for the viscoelastic case-effect of extensibility parameter L 2 (We = 1, β = 0.9, Re = 60) Table 6 Predicted vortex data for the viscoelastic case-effect of concentration parameter β (We = 2, L 2 = 100, Re = 60) 
Effect of concentration, β
Besides its physical meaning, the parameter c rules the extent of the coupling between the motion and the constitutive equations. The larger the value for c, the more coupled are those equations (following the notion introduced by Patankar [32] , the larger is the two-way coupling between kinematics and stress) and, as a consequence, the more difficult is the numerical solution of the underlying flow problem. As mentioned before, c ≈ 0.1 is typical of dilute polymer solutions, while c ≈ 1.0 is typical of more concentrated semi-dilute solutions, but it should be remarked that so-called Boger fluids (highly elastic, constant viscosity liquids) are often modeled with c as large as 1 or 8, giving the values β = 0.5 or 1/9. For the present study, and since our purpose is to ascertain the possible influence of "elasticity" on the Coanda effect with a relatively mobile polymer solution, we varied β from 0.9 to 0.3, at fixed Re = 60, L 2 = 100 and We = 2. This latter value was chosen on the basis of Fig. 8 where it is seen that for We = 2 the influence of elasticity is almost fully established.
The results of the present parametric study, in terms of vortex size and strength, are given in Table 6 and illustrated in Fig. 9 . The effect is for a decreasing β to stabilize the flow until a stable symmetrical state is reached for β ≤ 0.6, at Re = 60, while the flow is asymmetrical for β > 0.6. Compared with the parameter L 2 of the previous subsection, it is quite evident that concentration exerts a much stronger influence on flow stability and flow pattern. Fig. 10 compares the resulting streamlines for β = 0.9 and 0.6 (viscoelastic fluid) and the Newtonian case, at Re = 60. It is clear that the Newtonian flow has the largest asymmetry, this asymmetry is somewhat reduced with a small introduction of elasticity in the fluid, and it is completely attenuated when the concentration of elastic liquid is further increased. To account for the effect of concentration, and in fact to absorb it as a viscoelastic effect, it would be better to measure elasticity by a modified Weissenberg number We ≡ (λ − λ r )U/d, where λ r is the so-called retardation time; that is, We = We(1 − β). Now, when β is reduced from 0.9 to 0.3, We suffers a sevenfold increase, thus explaining the added stability of the flow for the symmetrical base states.
As noted above, at the beginning of this sub-section, numerical difficulties in solving the governing equations are expected to be enhanced when β is lowered, thus effectively increasing the elasticity of the FENE-CR liquid. This was in fact felt during the current simulations. For example, the cases considered here with 0.7 ≥ β ≥ 0.4 were started from an initial uniform field with a time step of δt = 0.0325 (non-dimensional) and would converge without problems; but for β = 0.3 it was necessary to use a lower time step (δt = 0.016) during the initial stage of the simulation in order to procure iterative convergence. On the other hand, for larger β, the δt could be even higher: δt = 0.0625 at β = 0.8; δt = 0.125 at β = 0.9; and δt = 0.5, and often 2, at β = 0 (Newtonian runs). It should be said that for the range 
) with the solvent viscosity ratio (β = η s /η 0 ).
of parameters covered in this study, steady (well converged) solutions could always be achieved by an adequate choice of δt. It may very well be that, for higher elasticity, limits in the maximum attainable We will emerge, as it is common in viscoelastic flow computations.
An interesting effect of polymer concentration is illustrated in Fig. 11 which shows the overall pressure drop coefficient across the expansion (C p ≡ (p 1 − p 2 )/(1/2)ρU 2 , where p 1 and p 2 are the pressures acting at the inlet and outlet planes, respectively) as a function of the solvent viscosity ratio β, for L 2 = 100, Re = 60 and We = 2. The pressure drop diminishes as β increases (lower concentration), eventually tending to the Newtonian value for a zero concentration (β → 1). However, there is a manifest discontinuity in C p at β 0.5-0.6, when the asymmetrical flow state sets in, and it is clear that the pressure drop is higher for the bifurcated state than it would be for a corresponding symmetrical state. Bifurcation is therefore accompanied by an increased pressure loss.
Effect of inertia, Re
The main results concerning the viscoelastic flow simulations are given in this subsection which deals with the variation of vortex characteristics with the Reynolds number, for typical values L 2 = 100, We = 2 and a moderate concentration giving β = 0.5. For example, the MIT group have used a mixture of 0.31 wt.% PIB polymer with a highly viscous Newtonian solvent (PB + C14), thus forming a Boger fluid, which was then represented with several constitutive equations having a solvent viscosity ratio of β = 0.59, and an extensibility of L 2 = 100, in a study of flow around cylinder arrays [33] . Such fluid can be taken as representative of the one modeled in the current simulations.
Our numerical data are given in Table 7 and are plotted in Fig. 12(a) , which shows the variation of the lengths of the upper and lower vortices with the Reynolds number and in Fig. 12(b) , which shows the corresponding recirculation flow rates (scaled with the inlet value). For a Reynolds number up to the critical value Re c = 64 the flow remains steady and symmetric, while for larger Re the flow is still steady but asymmetric with a larger and a smaller recirculation length. In Fig. 13 the bifurcation plot for the viscoelastic liquid, DX ≡ (X r2 − X r1 ) versus Re, is compared with that for the Newtonian case. From Table 7 Predicted vortex data for the viscoelastic case-effect of Reynolds number (We = 2, L 2 = 100, β = 0.5) these figures, two facts can be extracted.
1. The onset Reynolds number for the transition from a symmetric to an asymmetric state is delayed to higher values, specifically from Re c = 54 (Newtonian) to Re c = 64 (viscoelastic)-elasticity is therefore a stabilizing factor for the occurrence of bifurcation, under laminar flow conditions. 2. Vortex sizes and intensities are smaller for the viscoelastic liquid, compared with the Newtonian, a finding also reported in previous studies under different conditions [4, 5, 8] . This effect is observed for the whole range of Re, from 0 to 100 (the exception being the size of the smaller vortex X r2 which is actually larger for the non-Newtonian fluid) and can be seen as a swelling-like phenomenon similar to that occurring in extrusion processes.
Fig. 14 presents streamline plots of the viscoelastic flow for various Reynolds numbers, from Re = 0.01, where a bulging of the streamlines at the expansion entrance is clearly seen, to Re = 100, where the larger vortex is already longer than 10d (the size of the part of the full domain shown in these plots). It is also demonstrated that at Re = 64 the flow is still essentially symmetric, but at Re = 66 it is plainly asymmetric. Note that the streamlines inside the recirculation regions are equally spaced but the spacing is not the same for the whole range of Reynolds numbers: δψ = 0.02 × 10 −2 for Re ≤ 10; δψ = 1 × 10
for Re ≥ 20, with the innermost curves having ψ = ±0.5 × 10 −2 . This was done to avoid cluttering the figure with too many lines inside the vortices. Values of ψ are normalized with the inlet flow rate so that, along the streamwise direction, ψ varies from 0 to 1. For Reynolds numbers above 100, a second pitch-fork bifurcation should occur, with the appearance of a third recirculation zone adjacent to the channel wall containing the smaller corner vortex, similarly to that found for Newtonian fluids and which was illustrated in Fig. 7 . This higher range of Re was not investigated. For low Reynolds numbers (say Re 1-10) the flow is symmetric and is dominated by elastic effects.
In fact, if elasticity is measured by an elastic number defined by El≡We/Re, instead of the actual Weissenberg number which is kept constant during the present parametric study, then it is clear from streamline plots (Fig. 14) that the swelling effect is accentuated as Re diminishes. This is particularly noticeable at low Re, where the flow is seen to converge towards the centreline before the expansion, followed by a stronger divergence towards the larger channel walls after the expansion. As a consequence, an overshoot of the streamwise velocity component along the centreline is observed as shown in Fig. 15 , where the numerical results for the particular case of Re = 0.1 are plotted. The overshoot is here of 9% and, for higher Re, no overshoot was observed. For such low levels of Reynolds number, when the flow is essentially symmetric, we are closer to the cases considered by Darwish et al. [7] and Missirlis et al. [8] . Both X r and ψ r then tend to constant values, typical of Moffat eddies for the viscoelastic fluid, and these values are not too different from those seen in contraction flows. It should be pointed out, however, that if for a Newtonian fluid the vortices are identical in either contraction or expansion flows, as Re → 0, the same is not true for viscoelastic fluids on account of history effects through the constitutive equation. This discrepancy between vortex characteristics in contraction and expansion flows should increase as the level of viscoelasticity is increased.
We investigate now the influence of viscoelasticity and inertia on the pressure variation. The total pressure drop normalized with the upstream kinetic energy is represented in Fig. 16 as a function of the Reynolds number for both the Newtonian and the viscoelastic fluid cases. These curves show the typical variation inversely proportional to Re, at the low Re range, and tending to a constant value, at high Re for inertia dominated flows. It is also seen that the overall pressure drop is always higher for the viscoelastic fluid (here at We = 2, β = 0.5 and L 2 = 100) compared with the Newtonian. Since friction losses in straight channels under fully developed conditions for the current constant-viscosity viscoelastic fluid model are identical to the Newtonian losses, the observed higher pressure drop must be associated with a localized loss at the expansion region. In order to understand the causes for this effect, we plot in Fig. 17 the pressure distribution along the channels central plane (y = 0) for the Newtonian and viscoelastic cases, and for two typical Reynolds numbers: Re = 50 (flow is still symmetric) and Re = 100 (flow is asymmetric). For the flow at higher Re the pressure variation is more complex and reflects the different reattachment lengths of the smaller and the larger asymmetric vortices (inflection seen in the curves). What is however clear from this figure, and is common to its part (a) (for Re = 50) and (b) (for Re = 100), is the couple of features that may explain the excess pressure drop of the viscoelastic flow case.
• A history (or memory) effect induces a continuation of the pressure decrease, even after the expansion plane, for the viscoelastic fluid; this results in a lower minimum pressure, occurring at x > 0.
• The pressure recovery, after the expansion, is lower for the viscoelastic fluid. Both these effects act to increase C p of the FENE-MCR fluid compared with the Newtonian case. It is emphasized that the C p in Fig. 16 depends on the lengths of the upstream and downstream channels used in the simulations. A measure of the energy losses in the expansion which is independent of the assumed channel lengths is provided by the localized loss coefficient, defined as: where the indices F and R denote fully-developed and reversible pressure differences, respectively. Due to pressure recovery in a reversible expansion flow, p R is actually negative and may be easily evaluated from Bernoulli equation, giving C R = −(1 − (1/E 2 )). The fully-developed pressure drop coefficient, on the other hand, is given by contributions from the upstream and downstream channels as
, where the f's are the Fanning friction factors, to be evaluated from the simulation results as f 1 = ( P/ X) 1 and f 2 = ( P/ X) 2 E 3 (with: P≡p/ρU 2 ; X≡x/d). The important point here, for an accurate evaluation of C I from the numerical results, is that the pressure gradients in the expressions for f 1 and f 2 need to be calculated in fully developed regions in the upstream and downstream channels. Otherwise, errors will accumulate leading to some deterioration in the accuracy of C I . We note that the loss coefficient of Eq. (27) is very similar to the Couette correction common in contraction flows of viscoelastic liquids, except for the inclusion of the reversible pressure-recovery term and the different normalisation.
In addition to the C p variation, Fig. 16 also shows how the loss coefficient C I , calculated as just described, varies with Re. For the Newtonian case, longer inlet channel lengths have been used in extra calculations (L 1 = 20) and so the C I results are accurate. For the viscoelastic case, the base value of L 1 = 2 does not enable a very precise evaluation of f 1 and the estimated accuracy of C I varies between 2 and 10% (at low Re). These differences are not perceptible in a graph (except at low Re in log-log scales) and so Fig. 16 gives an adequate view of the variation of C I versus Re. The loss coefficient is always positive, being higher for the viscoelastic case compared with the Newtonian (this is in contrast to findings in contraction flows). A change of slope is perceptible for the viscoelastic flow at the critical Reynolds number, while for the Newtonian liquid C I attains a minimum at Re = Re c .
Because of this accuracy issue in the evaluation of the localized loss coefficient, we have decided to use also the flow resistance coefficient f Re of Mishra and Jayaraman [10] as an (approximate) problem-independent measure of pressure loss. Under straight channel flow of length l the definition of the Fanning friction factor is unambiguously related to the pressure drop, p≡4f(l/D H )(ρU 2 /2) where D H is the hydraulic diameter equal to D H = 2d for a plane channel of height d, and in this case we have a well-known theoretical result: f Re = 12 (with Re≡ρUd/µ; here µ≡η 0 ). When an abrupt expansion is present an additional pressure drop occurs due to the irreversible energy losses in the recirculation zones that are generated, but we can still use an equivalent f to measure these losses. A complication to using f as defined above arises because there are different sizes and velocities in the upstream and downstream channel portions. It is however possible to write: d p 1 ρU
and D p 2 ρU
Now since f Re = 12 (or some other constant) and Re 1 (≡ρU 1 d/η 0 ) = Re 2 (≡ρU 2 D/η 0 ) due to continuity, we have f 1 = f 2 ≡f , and after summing (28) and (29) we obtain:
implying the following definition for f Re: where pressures are normalized as P≡p/ρU 2 (note U≡U 1 ). In this expression, P 1 is the pressure at the inlet plane, P 0 is the pressure at the expansion plane (x = 0), and P 2 the pressure at the outlet plane. All these pressures were obtained from the simulation results, f Re could then be calculated from Eq. (30) and is plotted as a function of the Reynolds number in Fig. 18 . It is seen that the flow resistance decreases with Re, is higher for the viscoelastic fluid, and goes below zero beyond a certain Re on account of pressure recovery. It is also apparent, although not so evident from the figure, that for the critical Re c at which the asymmetry sets in, there is a change of slope in the f Re versus Re variation; f Re versus Re is more inclined for Re < Re c . Hence, we may conclude that the flow resistance, for both the Newtonian and viscoelastic fluids, would be less if the bifurcation had not occurred (an unstable state) and therefore energy losses are accentuated by the transition from stable symmetric to stable asymmetric states.
Conclusions
Numerical simulations of the flow of a FENE-MCR fluid through a planar expansion of expansion ratio 1:3 have been presented for a range of Reynolds numbers from 0 to 100. Similar to the Newtonian fluid case, it has been shown that beyond a critical Reynolds number a pitch-fork-type bifurcation occurs for the viscoelastic fluid case, resulting in asymmetric vortex patterns. The effect of elasticity is to delay the onset of the bifurcation, the critical Reynolds number is Re c = 64 for We = 2, L 2 = 100 and β = 0.5, compared with Re c = 54 for the Newtonian fluid in the same expansion, and to reduce the degree of flow asymmetry. Hence, after occurrence of the bifurcation, the size of the larger eddy tends to decrease for the elastic fluid, while the smaller eddy tends to increase; the eddy intensities, on the other hand, are always smaller for elastic fluids compared with inelastic.
A complete parametric study has been conducted, based on the numerical simulations, leading to the following conclusions regarding the separate effect of each individual parameter.
• Extensibility, through the constitutive parameter L 2 (=100-500), was seen to have a rather small effect upon the flow pattern (at least for low polymer concentrations).
• Polymer concentration, through the parameter β = 1/(1 + c), was seen to have a very strong effect:
for β = 0.9, at Re = 60, the flow was asymmetric, but if β was decreased to 0.5 (enhanced polymer concentration) the asymmetry was completely removed.
• Weissenberg number We, was seen to have some effect, mainly for the initial range of values (We ≈ 2-5), with tendency to reduce the vortex asymmetry. This was correlated with the elongational viscosity behaviour of FENE-MCR.
• Inertia, through the Reynolds number Re, enabled construction of bifurcation diagrams, DX ≡ X r2 −X r1 versus Re. These were seen to have similar form to the Newtonian case but were translated to the right, in the direction of higher Re.
The pressure losses are higher for the viscoelastic flow cases, compared with the Newtonian, and the bifurcation is accompanied by a step increase in pressure loss and flow resistance coefficients.
There are two lines one can envisage for future investigation. The most important is probably that of procuring experimental data for validating the present, or other studies with viscoelastic fluid flow through expansions. An effort along that direction has very recently been made by Poole and Escudier [34] (this work was published after submission of the present study) who considered turbulent flow of PAA (Re = 9100) in a 1:4 expansion. Hopefully, similar experiments in the laminar regime will be carried out in the near future. The second line of investigation is numerical and comes in the continuation of the present study: simulations at higher elasticity, for example, by lowering the value of ␤ (say β = 0.3) and choosing some typical values of Weissenberg number (say We = 10 or 50)-the parameter to be varied will then be the Reynolds number. It will also be necessary to calculate accurate values of the pressure loss coefficient for the viscoelastic flow cases.
